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Abstract
We consider a class of Lagrangian theories where part of the coordinates does not have any time deriva-
tives in the Lagrange function (we call such coordinates degenerate). We advocate that it is reasonable to
reconsider the conventional definition of singularity based on the usual Hessian and, moreover, to simplify the
conventional Hamiltonization procedure. In particular, in such a procedure, it is not necessary to complete
the degenerate coordinates with the corresponding conjugate momenta.
1 Introduction
The Hamiltonization of Lagrangian theories is an important preliminary step towards their canonical quantiza-
tion [?, ?, ?]. The procedure is quite dierent for nonsingular and singular theories. Whereas for nonsingular
theories such a procedure is, in fact, the well-known Legendre transformation, the Hamiltonization of singular
theories is sometimes a more dicult task. The singularity property of a theory is usually dened by the corre-
sponding Hessian, which is zero in the singular case. The Hamiltonization procedure also depends essentially on
theory structure. In particular, it depends on the highest orders of time derivatives in the Lagrange function. In
principle, the Hamiltonization procedure is quite well developed for theories of arbitrary orders N  1 of time
derivatives [?]. However, as we are going to demonstrate, for a class of theories where part of the coordinates
does not have any time derivatives in the Lagrange function (we call such coordinates degenerate) it is reasonable
to reconsider the conventional denition of singularity and, moreover, to simplify the conventional Hamiltoniza-
tion procedure. In particular, in such a procedure (we call it the generalized Hamiltonization procedure) we do
not complete the degenerate coordinates with the corresponding conjugate momenta. Indeed, it seems exag-
gerate to introduce a momentum for the variable p in a theory whose Lagrange function is L = p _q − V (q, p)
(the corresponding action already has Hamiltonian form) and then to struggle with irrelevant constraints, see
relevant remarks in [?]. We show that the degenerate coordinates may be treated on the same footing as usual
velocities (or highest order time derivatives in the Lagrangian function). In fact, some observations about the
possibility of a special treatment of the degenerate coordinates were already implicitly presented in literature.
In this regard one can recall that sometimes, in the course of the Hamiltonization of the Maxwell theory, A0
is considered a Lagrange multiplier to a constraint and no conjugate momentum to A0 is introduced, see for
example [?]. For theories with degenerate coordinates, the generalized Hamiltonization procedure contains less
stages than the usual Hamiltonization procedure and needs less suppositions about the theory structure. There
exist some models to which only the generalized Hamiltonization procedure is applicable. In connection with
this, one ought to say that almost all modern physical gauge models are theories with degenerate coordinates.
The present paper is organized as follows: in Sect.II, using a simple but instructive example, we advocate
a new denition of singularity and consider the possibility of simplifying the Hamiltonization for theories with
degenerate coordinates. Then in Sect.III we formulate the generalized Hamiltonization procedure and new
criteria for singularity in the general case of Lagrangian theory with degenerate coordinates. In Sect.IV we
consider some relevant examples. In the Appendix we discuss an useful notion and properties of auxiliary
variables, the latter being often used in the main text.
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2 Theories with degenerate coordinates
2.1 Which theories are conventionally called singular?
We rst recall the conventional denition of singularity of a theory through the example of a theory without
higher order time derivatives for which the action reads S =
R
Ldt, and the Lagrange function has the form
L = L (q, _q), where q = (qa; a = 1, 2, ..., n) is the set of generalized coordinates and _q = ( _qa  dqa/dt). In such
a case, the Hessian M is used for the classication. Namely:
M = det
∂2L∂ _qa∂ _qb = 6= 0, nonsingular theoryf. = 0, singular theory. (1)
Whenever a theory is nonsingular according to the above denition, the corresponding Euler-Lagrange equations
of motion (EM) can be solved with respect to the highest time derivatives (here with respect to second-order
derivatives) of all the coordinates. Indeed,
δSδqa = ∂L∂qa − ddt∂L∂ _qa = 0 =) Mabq¨b = Ka = ∂L∂qa − ∂2L∂ _qa∂qb _qb ;
thus, δSδqa =) q¨a = MabKb , Mab = ∂2L∂ _qa∂ _qb , MabMbc = δac ,
which in turn means that the EM of a nonsingular theory of the above type always have a unique solution
whenever 2n initial data are given. The Hamiltonization of nonsingular theories leads to the Hamilton EM
without any constraints on the phase-space variables q, p.
In the general case (theories with higher derivatives), the action reads:
S =
Z









, a = 1, ..., n, la = 0, 1, ..., Na .
Here L depends on the coordinates qa = qa(0) and their time derivatives qa(la) up to some nite orders Na .
Bearing in mind the same Lagrange function (??), it is sometimes convenient to assume it to be a function of
the coordinates and their time derivatives up to some nite order Na  Na , where Na are the above mentioned
orders of the time derivatives that actually enter L . Thus, we introduce a set of theories with the same Lagrange
function L but with dierent orders fNag . From the point of view of the Lagrangian formulation it is obvious
that all theories with the same L and dierent orders fNag are equivalent. Even though their Hamiltonization
involves dierent extended phase spaces, we end up with equivalent formulations [?, ?].
A generalization of the denition (1) for theories with the Lagrange function L and orders fNag was proposed
in [?, ?]. Such a denition is based on a simple generalization of the Hessian,
M = det
∂2L∂qa(Na)∂qb(Nb) = 6= 0, nonsingular theoryf. = 0, singular theory , Na  1 . (2)
When we eected the conventional Hamiltonization, we proceeded from a system of rst-order equations. To
this end, we introduce new variables
xa1 = q
a(0) , xas , s = 2, ..., Na ; υ
a = qa(Na) ,
and impose the relations
_xas = x
a
s+1 , s = 1, ..., Na − 1 ; _xaNa = υa .
2
The variables υa are called velocities. The variational principle for the initial action S =
R
Ldt is equivalent to











































The momenta p appear as Lagrange multipliers to the new imposed equations. The pairs x , p form the phase
space and all the variables x , p , υ form the extended phase space. The corresponding Euler-Lagrange EM read:
=)

_xas = fxas , Hυg
s = 1, ..., Na
;
δSυδxa1 = ∂L
υ∂xa1 − _p1 = 0
δSυδxas = ∂L




_psa = fpsa , Hυg
s = 1, ..., Na
; δSυδυa = ∂Lυ∂υ
δSυδpsa = _x
a
s − xas+1 = 0, s = 1, ..., Na − 1




The set of the variables (xas , s = 2, ..., Na , p
s
a , s = 1, ..., Na, υ
a) is the auxiliary one (see Appendix) and
can be excluded from EM and the action so that we obtain the formulation based on the action (??).When
performing the Hamiltonization, we try to eliminate the velocities υ from the set (2.1). In nonsingular theories,





. In that case, all the velocities are auxiliary variables. They can be excluded from the action (??).













dt , H = Hυjυ=υ¯ ,
_xas = fxas , Hg , _psa = fpsa , Hg .
First, the Hamiltonization of nonsingular theories with higher-order time derivatives was presented in [?]. The
Hamiltonization of singular theories with higher-order time derivatives, on the base of the action (??), was
considered in [?, ?].
2.2 Degenerate coordinates. An instructive example
Let us now suppose that some of the generalized coordinates do not have any time derivatives in the Lagrange
function. In the general case (??), that means that Na are zero for some of that coordinates. We shall call
the coordinates with Na = 0 degenerate. According to the conventional denitions (1) or (2), any theory with
degenerate coordinates is singular. However, here we are going to discuss the following question: is it always
reasonable to treat theories with degenerate coordinates as singular and to follow the above described the
conventional Hamiltonization procedure? To answer this question it is instructive to rst consider a class of
theories with two coordinates x, u and with Lagrange functions of the form
L = L (x, _x, u) . (3)
Here the Hessian (1) is zero, M = 0, therefore we are formally dealing with the singular case. Nevertheless, we
can demonstrate that the corresponding Euler-Lagrange EM
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